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Abstract

Sharp bounds for |a,2 — ,uaz 1| and |a,3| are derived for certain p-valent analytic functions. These are applied to
obtain Fekete-Szego like inequalities for several classes of functions defined by convolution.
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1. Introduction

Let .o/, be the class of all functions of the form

f@=2+> a (1)
n=p+1
which are analytic in the open unit disk 4 := {z:|z| <1} and let .«/ := .o/,. For f{z) given by (1) and g(z) given
by g(z) =2+ >_,° . b.2", their convolution (or Hadamard product), denoted by f* g, is defined by

(fxg)(z) =2+ i a,b,z".

n=p+1

The function f{z) is subordinate to the function g(z), written f{z) < g(z), provided there is an analytic function
w(z) defined on 4 with w(0) =0 and |w(z)| <1 such that f{z) = g(w(z)). Let ¢ be an analytic function with po-
sitive real part in the unit disk 4 with ¢(0) = 1 and ¢’(0) > 0 that maps 4 onto a region starlike with respect to
1 and symmetric with respect to the real axis. We define the class S};lp(q)) to be the subclass of .7, consisting of
functions f{z) satisfying
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1/1z/'(2)
b\p /()

As special cases, let
S, (@) :=S1,(0),  S(e):=S5,,(9),  S(¢):=57(9)

For a fixed analytic function g € </, with positive coeficients, define the class S; (@) to be the class of all
functions f € .o/, satisfying f x g € S; (¢). This class includes as special cases several other classes studied
ir_1 t_he literature_. For example, Whe_n g2) =2 +> 0 52", the class S}, , . (@) reduces to the class Cp () con-
sisting of functions f € .o/, satisfying
1 1 1/
L PR
b bp 1)
The classes S™(¢) and C(¢) := C) 1(¢) were introduced and studied by Ma and Minda [9].
Define the class Ry, ,(¢) to be the class of all functions f € ./, satisfying

1_{_% <‘[{Z/£23 - 1) < ¢(z), (zedandbeC)\{0}),

1+ —1>-<qo(z), (zedand b e C\{0}).

) < ¢(z), (z€edandbeC)\{0}).

and for a fixed function g with positive coefficients, let R;, , ,(¢) be the class of all functions f € .o7, satisfying

S*g€ Ry (o).
Several authors [4,8,10,16,17,12] have studied the classes of analytic functions defined by using the expres-

sion Zf/# + oczzf#. We shall also consider a class defined by the corresponding quantity for p-valent functions.

Define the class S;(«, ¢) to be the class of all functions f* € </, satisfying

L +o(l —p)zf'(z)  «2*f"(2)
p f@) p [
Note that S (0,¢) is the class S (¢). Let S, (x,¢) be the class of all functions f € .o/, for which
fxges,(a0).
We shall also consider the class L;‘f (o, @) consisting of p-valent a-convex functions with respect to ¢. These
are functions f € <7, satisfying

l—azf'(z) « ( zf"(2)
+=(1+

p @ p 1'(2)

Further let M,(«, ¢) be the class of functions f € ./, satisfying

é <Z]{((ZZ>>><1 +Z]f:,"((zz)))l_% < ¢(z) (zedandx>0).

Functions in this class are called logarithmic p-valent a-convex functions with respect to ¢.

In this paper, we obtain Fekete-Szegd inequalities and bounds for the coefficient a, 3 for the classes S;((p)
and S; g(<p). These results are then extended to the other classes defined earlier. See [1-7,9,13,14,18] for Fekete-
Szeg6 problem for certain related classes of functions.

Let Q be the class of analytic functions of the form

<¢(z) (z€4and a = 0).

><g0(2) (ze 4and o« = 0).

w(z) = wiz+ w2’ +- - (2)
in the unit disk 4 satisfying the condition |w(z)| < 1. We need the following lemmas to prove our main results.

Lemma 1. If w € Q, then

—t ift< -1,
wy —tw?| <1 if —1<t<1,
t  ift=1.

When t < — 1 or t > 1, equality holds if and only if w(z) = z or one of its rotations. If —1 <t <1, then equality
holds if and only if w(z)=z* or one of its rotations. Equality holds for t= —1 if and only if w(z) =
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z% (0 < A< 1) or one of its rotations while for t = 1, equality holds if and only if w(z) = —z% 0< A<

or one of its rotations.
Also the sharp upper bound above can be improved as follows when —1 <t <1:

Wy —tw? | + (1 + Dwi P <1 (=1 <£<0)
and
Wy —ow? |+ (1= )wi P <1 (0<t<1).

Lemma 1 is a reformulation of a Lemma of Ma and Minda [9].

Lemma 2 [5, Inequality 7, p. 10]. If w € Q, then, for any complex number t,
lwy — twi| < max{1; [¢]}.
The result is sharp for the functions w(z) = z* or w(z) = z.

Lemma 3 [11]. If w € Q, then for any real numbers q, and q,, the following sharp estimate holds:

ws + qwiwa + ¢,w)| < H(qy,45), (3)
where
1 for (q,,9,) € Dy UD,,
7
5] for (q,,q,) € kUSDka

1
1 2
Higan) = 4 2l + 1) (5t) for (aran) € DsuDs,

[T

1o (a4 (Lot DiyUDy; — {£2,1
39> 74, ) \3lg,— 1) for (%v‘h) € Dy UDy { ) }7

1
-1 2
g = 1) (5s) for (a1,42) € i
The extremal functions, up to rotations, are of the form

z([(1 = A)ex + Aey] — €1622)

w(z) = 2, wz) =z, w(i)=w(z) = 1= [(1 = 2e + iealz
o) =@ =2 v = =5

le1] = lea| = 1, & =ty—€e2 (aFb), & =—€72 (latb),

90 . 90 bta
a:tocosi, b= l—t%smzj, A= T

1 1
zo:[zqz(q%+2)—3q%]2 t1:< 1| +1 >2
3(q, — 1)(9%_4‘]2) ’ 3(|Ql‘+1+92) ’

1
hz( ] — 1 )2 COS@:@[qz(q?+8)—2(q?+2)]_
gl =1=¢q5)) 2 2| 2g,(qi+2)-3q7
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The sets Dy, k=1,2,...,12, are defined as follows:

1
D= { (e o <3 la <1},
1 4 3
D, (%a%)-§<|‘11|<2:ﬁ(’%’+1) _(W1’+1)<%<1 )
1
D; = (5117‘]2) ’%| 5‘1 < -1y,
1 2
Di=3(qua)lal 25,60 < —5(lal+1) ¢,

{(a1,42) : lay| < 2,9, = 1},

(91,92) : la;| =

X 92 X

(Zalel ) S2lal 1)
—2|q,| +4

g1 + 2|q,| + 4

2|gi|(lg:| = 1)

I / 47
ql q2 ‘ql q%_2|q1|+4

1
{ql,qz <lal <40 > 150t +9),
2
(01, 92) 1| = 4,9, §(|‘11|—1)
1 2 4
—{ql,qz 3 <lal €2-3 000+ 1) < 0 < 5500+ 5 al + D}
2 2ol £ 1)
91:92) = 2, =3 (el + 1) < @s < S
D= { (@ e lail = 2 -5+ 1) < g < G ED
2’41|(|‘11|+1) L,
4, < ¢y S 75 8) ¢
{ql,qz <l < Z+2ara S e 13 (41 +8)

<o <3lal- 1}

2. Coefficient bounds

By making use of the Lemmas 1-3, we prove the following bounds for the class S;,g(cp):
Theorem 1. Let ¢p(z)= 1+ Biz + Bz + Byz> + - - -, and
By — By + pB; By + By + pB; B, + pB}
B G T B
If f(z) given by (1) belongs to S,(¢), then
%’(Bz+ (1—2wpB})  if u<
< 2 if o1 <p< oy,
—5(By+ (1 —=2u)pB}) if u>
Further, if o1 < u < a3, then

1 B
Apy2 — :“aiﬂ‘ +T31 (1 _B_j+ (2u— 1)p31> la,|” < >

g =

2
Ap+2 — HA) 1

If 03 < u< 0y, then

1 B, 2
—(1+=—Q2u—-1)pB <—.
b (145~ Qa9 )l <25

2
p+2 — Ha)
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For any complex number u,

‘amz - :“aiﬂ‘ S pfl max{l ZB;? +(1 - 2#)1981'}- (7)
Further,
] < 5 H (a1 42), )
where H(q,q>) is as defined in Lemma 3,
g = 4B, + 3pB; and gy — 2B3 + 3pB\B, + p*B] .
2B, 2B,

These results are sharp.

Proof. If f(z) € S,(¢), then there is an analytic function w(z) = w;z + woz”> + -+ - € Q such that
zf'(2)
——= = p(w(z2)). 9
) = o) o)

Since

' a, 2 3 3 a
Zf(Z):l_f_@Z_'_ _P_H_|_M 2+ 9pt3 ap+lap+2+p_+l 24
p p p p

pf(2) p p
we have from (9),

Api1 —pBlwl, (10)

Apir = {pBIWZ + p(B> + pBi)wi } (11)
and

PB 4B, + 3pB: 2B; + 3pB,B, + p*B}

ap+3:Tl{W3 +—2231 Lywiwy + : 22312 IW? : (12)

Using (10) and (11), we have
B

yi2 — Hay, :1% {wr —owi}, (13)

where
B,
= |pB,2u—1)—-—
v: [p 12u—1) BJ

The results (4)—(6) are established by an application of Lemma 1, inequality (7) by Lemma 2 and (8) follows
from Lemma 3.
To show that the bounds in (4)—~(6) are sharp, we define the functions K, (n =2,3,...) by

zK,,(2)
PK,,(2)
and the functions F;, and G, (0 < A< 1) by
iz (et ) ,
- = F =0=F —1
pF;(z) (p( 144z )’ (0)=0 +(0)
and

= (=), Kuu(0) =0=[K,]'(0) -1

zG)(z) z(z+ 2) PN
pG,(z) q’(‘ 1+ iz ) G:(0)=0=G,(0) - 1.

Clearly the functions K,,F,,G; € S;(go). We shall also write K, := K.
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If u <oy or u> o,, then equality holds if and only if f'is K, or one of its rotations. When ¢; < u < 05, then
equality holds if and only if f'is K3 or one of its rotations. If u = ¢ then equality holds if and only if f'is F, or
one of its rotations. Equality holds for u = o, if and only if fis G; or one of its rotations. [

Corollary 1. Let ¢(z)= 1+ Byz + Byz> + Byz> + - - -, and let

— g[27+1 B, — By + pB;} . gZH By + B, + pB? - g;H B, + pB’
o= ' 02 = ) 03 1 =—— ————.

8p+2 2PB% 8p+2 2PB% g p+2 2PB%

If f(z) given by (1) belongs to S, (@), then

2gf+2 (Bz—i-(l—zig—j#)B%) if n<o,

2 PB, ;
Apir — M%H‘ <o 20 if o1 < u<oy,

— 2 — D& 2 i
L 28p+2 (Bz T <1 2g§+1 #>Bl) if nz o0

Further, if o1 < u < a3, then

2
g B B
_|_1’7+1 1__2+ 2g§_+2'u_1 B ’apﬂ‘zgp 1
2g »2PB) By Epi1 2g P2

2
p+2 — Ha),

If 03 < u< 0y, then

2

2 Ep+1 B, 8p+2 2 _ pB;
— T [14+=—(22Z=,~1]|B < )
Gp+2 MaPH‘ + 2g,120B, +B1 2 K 'l 2g

For any complex number u,

apﬂ—ua[z’“ < 2p ! max{l, 24 <1 —Zg’z’—+2u>Bl }
p+2 1 gp+1
Further,
pB
lay3| < 3 : H(qy,9,), (14)
p+3

where H(qy,q») is as defined in Lemma 3,

. 4B, + 3pB; N 2B; + 3pB,B, + p*B}
b 2B, 2 2B, '

These results are sharp.

Theorem 2. Let ¢ be as in Theorem 1. If f(z) given by (1) belongs to S, (@), then, for any complex number u, we

b.p.g
have
b|B B g
‘ap+2_ﬂa;+l‘ <1;’ | 1rnaX{I; 17?+bp<1 —2gp—+;u>31 }
pt

Ep+2

The result is sharp.

Proof. The proof is similar to the proof of Theorem 1. [

Proceeding similarly, we now obtain coefficient bounds for the class Ry, .(¢).
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Theorem 3. Let ¢(z)= 1+ Byz + Boz> + Byz> + - -« If f(z) given by (1) belongs to Ry, (@), then for any complex

number u,

a2 = e, | < Jplmax {15]o]},

where
bB 2) B bpB
_ p l(p+2)__2 and y = pl.
(p+1) B, 2+p
Further,
|blpB
|ay3] < 3+1;H(Q17‘I2)7
where H(q,,q») is as defined in Lemma 3,
2 B
q, = B, and ¢, = B

These results are sharp.

Proof. A computation shows that

1 "(z +1 +2 +3
1 +E (,Zzlg—)l B 1) =1 +pbp aﬂ+1z+pbp a7’ +%ap+323 oo

Thus

2 bpB,

apes = 3 =2 o~ T} = o — 02}

where v := [M — ﬁ} and y := i’;’%. The result now follows from Lemmas 2 and 3.

(p+1)* B

Remark 1. When p =1 and
1+ 4z

0(2) = 1+ Bz
inequality (15) reduces to give the inequality [3, Theorem 4, p. 894].

(-1<B<AL)),

For the class Ry, , o(¢), we have the following result.

(15)

(16)

Theorem 4. Let ¢(z) = 1 + Bz + Byz* + B3z + - - If f(z) given by (1) belongs to Ry, (), then for any complex

number u,

apiz = a2,y | < Iyl max {13 o]},

where
2
bB 2) B bpB
U::'ugpﬂp 1(P‘|‘2)__2 and 7y = PO
gp+2 (p+1) Bl gp+2(2+p)
Further,
b|pB,
|ap3| < m———H(q1,95),
R R
where H(q,q>) is as defined in Lemma 3,
2B, J B3
= — an =
g B, q, B,

These results are sharp.

(18)
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We now prove the coefficient bounds for S, («, ¢).
Theorem 5. Let ¢(z)= 1 + Byz + Byz> + B3z + - - - Further let
(1+a@+1))[(1+alp+1))(B, — By) + pB]

2pB?
(1+a@+1))[(1+alp+1))(B, + By) + pBi]
2pB;
(1 +o(p+ 1))[(1 + a(p+1))B, + pBj]
2B}
b 2upB,(pr+ 204+ 1) PB, B . pB,
C (e T+ BT T 2(1+ap+2)
If f(z) given by (1) belongs to S,(«, @), then
=y i u<
ap+2_,ua127+1‘< b if o1 < u<oy,
oo i u=
Further, if 6, < u < a3, then

(1+oa(p+1))7y
P*B;

I

0y ‘= )

g3 = )

(19)

2
’ap+2 - HQZH‘ + (v+ 1)’(11,+1| <)

If 05 < u < 0y, then

(1+a(p+1))7y
P*B;

(1 = 0)lapu|” < -

2
Ap+2 — HaA)
For any complex number p,

apiz = a2, | < ymax{1; Jof},

Further,
PB,
< H
‘ap+3| OC(S —p _pz) +3
where H(q,q») is as defined in Lemma 3,
_ [28: Bip(a(3p+5) + 3) }
D= 1B, 20+ D+ Dap+2) + 1)

(91, 92),

and

= B, 2ap+ 1)+ D(a(p+2) + 1) ]
These results are sharp.

[Bs | Bop(2(3p+5)+3) + P’Bi(px 2+ 1)

Proof. If f(z) € S)(«, ¢). It is easily shown that

L +oal=p) /') ,22f"E) _ (+ap+l)  ((A+ap+2), — (I+ap+]) » 5
b S0 p e T o +< p p p“)
((3+rx(5—p—p2))a+3_(3+o¢(3p+5))a+1a+2+(1+o¢(p+1))a3 1);

p p p
o (22)

The proof can now be completed as in the proof of Theorem 1. [
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For the class S, (2, @), we have the following result.
Theorem 6. Let ¢(z)= 1 + Bz + Byz* + Byz* + - - -, and let
gl +alp+1))[(1+a(p+1))(B — B) + pB]]

2PB%gp+2 ’
gL+ D)1 +ap+1))(Ba+ Bi) + pB]
o 2pBig, ’
o Gall+ 2l D)1+ 2(p+ 1)+ pB]
ZPB%ngrz ,
. 2g, upB, (po + 200+ 1) B DB, B yi= PB, ‘
Gu(l+ap+1)’  1rap+l) B 2g,5(1+a(p+2))
If f(z) given by (1) belongs to S, ,(a, @), then
—yv if p< o,
‘ap+z — Maf,H‘ <y ifa<u<o,
W if =0

Further, if o1 < u < a3, then

, | (+ap+1)7g,y
api2 — :uap+1 ’ v

If 03 < u< 0y, then

2
Apio — Ha +
p+2 'up+1‘ o2
B

For any complex number u,

ap+2 — “a;+1‘ < ymax{l; |U|}
Further,

pB,
g5 —p—p*) +3

’ap+3‘ < ]H(qth)a

where H(q,q») is as defined in Lemma 3,

_ [@ Bip(a(3p+5) + 3) ]
D= B 20+ D+ Dap+2) + 1)

and

B, 2+ 1)+ D(a(p+2)+1)

These results are sharp.

g = [Bz L Bop(#(3p+5) +3) + pBi(pa+ o+ 1)}
2

Remark 2. When p =1 and
I+z(1-2
¢(z) = Lrl=2h)

= 0,0 < )
T (0 =>0,0<p<1)
(19) and (20) of Theorem 5 reduces to [4, Theorem 4 and 3, p. 95].

For the class L?f (o, ), we now get the following coefficient bounds:

43

(23)
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Theorem 7. Let ¢(z)= 1+ Byz+ Byz> + Byz> + ---. Let

73(B2 — B1) + 1,8} 73(B2 + B1) + 1,8} 7:3B2 + 1,81
- ’VIB% 7 7 VIB% 7 T ’VIB%
= A (p+2-2a), = (1—0)2plp+ 1) +o+20p°, =2+ 1-a),
3@+ (1 -9)Bp+2)

3 )

[

)

— B
po B B

V3 By’ p

Ty = 16;1; [(p+ 1)’ [6p(p + o) + (ot + 1)] — por—6p> + pA(1 + Tor) + 3p(1 + 3at) + 30| +g.

If f(z) given by (1) belongs to Lﬁl(a, ©), then

2
—p*Biv .
2(p+2-24) if u<o,

2 ’B :
apyr — #ap+1‘ < 2(!)[_7;'__2_12@ lf‘ 01 < u < 02, (24)

2
p°Byv ;
sy U 1= o

Further, if o, < u < o3, then

0 S R P 29
Apn — Ha — v)|a <—.
p+2 — M p+1 Blyl p+1 z(p +2- 20()
If 63 < u < 0y, then
2
2 73 2 PB
— (1 - e 26
aP+2 ‘uap+1 +BIV1 ( U)|ap+1| 2(p + 2 . 2&) ( )
For any complex number u,
2
p B
‘apu —pay,| < 2p+2-22) max {1; |v[}. (27)
Further,
2
P B
< —H ) )
|ap+3| 3(p_ 3OC+3) (Q1 qZ)
where H(q,,q») is as defined in Lemma 3,
2B T\p*B
7=, 2p—a+1)(p—20+2)
and
Bs T1p* (3B + 7,B7}) Top°B;

B T et Dp—2412) (p_atl)

These results are sharp.
Proof. The proof is similar to the proof of Theorem 1. [

Remark 3. As special cases, we note that for p = 1, inequalities (24)—(27) in Theorem 7 are those found in [15,
Theorems 2.1 and 2.2, p. 3]. Additionally, if « = 1, then inequalities (24)—(26) are the results established in [14,
Theorem 2.1, Remark 2.2, p. 3].

Our final result is on the coefficient bounds for M,(«, ¢).
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Theorem 8. Let ¢(z)= 1+ Biz+ Byz> + Byz> + - -+ Let
_ 71(Ba—By) + 7,B] __71(Ba+By) + 9,B] . 71B2 + 7,B]
B ]@B% ’ 02 = V3B% ) 03 1= TB?
po=p(l4pa), p=atpp+20), 9= 2p(p + 20),
bl t2m)u-1) -8 By
73 B
If f(z) given by (1) belongs to M,(o, ), then

[

)

—p’Byv .
Tz S HS O

2 .
<3ty foasu<o, (28)

2

sz v .

2129 if u= o
Further, if 01 < u < 03, then
P231

2 V1 2
— — (1 <—. 29
pr = |+ g (Lol < 505 29)
If 65 < u< 0y, then
2
2 71 2 p°Bi
— (1 — <—. 30
ap+2 luap+1 + Bl’})3 ( U)’a[H’l’ 2(p + 20() ( )
For any complex number u,
2
P B
ap+2—.ua;2;+1 <Mmax{l;]vl}. (31)
Further,
2
p By
<—F—H(q,,9,),
’ap+3‘ 3(p + 3(_1) (QI q2)

where H(q,q>) is as defined in Lemma 3,

@—F 3(p* + 3pa + 20)

B 2(1+pa)(p+20) "

B; N 3(p* + 3pu + 20) B+ (p* + Sop* + 3p*a(2u + 1) + po(9a — 2) + 20)
B 2(1 +pa)(p+20)° 2p(1 + pa)*(p + 22)

These results are sharp.

q, ‘=

9 = By.

Proof. For f(z) € M,(a, @), a computation shows that
L-azf() | o (1 +zf"(z)> U pa (_ (0 +2pn t 2)a, 2p+ 2>>
p

p [ 1) p’ P
N (3(p+3oc) 3(p* + 3po+ 20) P +3pf0+3pa+a > R
z

Tap+3 - » Ap+1ap+2 I ahi

The remaining part of the proof is similar to the proof of Theorem 1. [
Remark 4. When p =1 and ¢(z) = (g)ﬁ (0 = 0,0 < f<1),(28) and (31) of Theorem 8 reduce to [2, The-

orems 2.1 and 2.2, p. 23]. When p =1 and « = 1, (28)—(30) of Theorem 8 reduce to [9, Theorem 3 and Remark,
p. 7].
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